Abstract: A constitutive law was developed based on the evolutionary yield function to account for the evolution of anisotropy induced by the plastic deformation. For the effective description of anisotropy, the yield stress function and plastic potential were separately defined based on the non-associated flow rule. In particular, for the description of the equivalent status, the accumulated plastic work was employed as an alternative to the accumulated plastic strain. Numerical formulations based on the plastic work were also derived in case the hardening rule, as well as the evolution of the plastic potential and yield stress function, were defined in terms of the plastic work. The developed constitutive law was characterized using the mechanical properties of the multi-phase BAO QP980 steel and niobium sheets at room temperature. From the uniaxial tension tests and the balanced biaxial tension test, separate sets of anisotropic coefficients for each of the plastic potential and yield stress functions were obtained as a function of the plastic work. By comparing with non-evolving yield functions, the importance of the developed constitutive law to properly describe the evolution of the plastic potential and yield function were validated.
Introduction
New sheet metal alloys are continuously being developed to meet the mechanical properties required for various industries. In particular, in the automotive industry, the demand for lightweight alloys and advanced high strength steels is gradually increasing, due to these metals' improved formability and specific strength, which are necessary for better crashworthiness as well as the reduction in the vehicle weight. In response to the introduction of the new metal alloys, advanced constitutive laws have been developed to improve the numerical prediction capability of finite element models for such parameters as formability and spring-back of stamped sheet metals.
In classical plasticity, the constitutive laws mainly consist of the yield stress function to describe the boundary between elastic and elasto-plastic regions, the plastic potential to define the plastic strain increment based on the normality rule, and hardening rules to describe the evolution of the yield function. In particular, for the description of planar anisotropy of sheet materials, various yield functions and their evolution laws have been proposed. Hill [1] proposed a quadratic yield function, while non-quadratic yield functions [2] [3] [4] [5] [6] [7] [8] have been developed over the years based on Karafillis and Boyce [9] type yield function.
that fundamental theorems are rigorously proven based on the associated flow rule, does not imply that the associated flow rule is always true. If a precise description of anisotropy is desired, complicated functions with a large number of parameters must be used in the associated flow rule to simultaneously account for the anisotropy of both the yield stress function and the plastic potential. Alternatively, separate functions can be defined to represent the anisotropy of the plastic potential and the yield stress function. Compared with the associated flow rule, less complex functions could be used in the non-associated flow rule to define the plastic potential and the yield stress function [11] [12] [13] [14] [15] [16] [17] [18] [19] . The constraints to ensure stability in the non-associated flow rule were derived by [13, 15] . Also, Spitzig [20] reported violation of the associated flow rule during the plastic deformation under the hydrostatic pressure.
For a demonstration, isotropic yield surfaces and their conjugate strain-rate potentials were generated based on crystal plasticity [21] and Yld2000-2d function [3] . In order to have the initial isotropy in the crystal plasticity simulations, initial crystal orientations were randomly generated and assigned to 8000 grains. Considering face centered cubic (FCC) crystals with 12 slip systems (<110> slip directions on ({111} slip planes), the crystal plasticity simulations were performed for a total of 360 stress ratios between x-and y-directions under the plane stress condition. As for the Yld2000-2d function, all the anisotropy coefficients were set to 1.0 to generate isotropic yield surface and three yield exponents (m = 4, 6, and 8) were considered to generate non-quadratic yield surfaces. As shown in Figure 1 , the isotropic yield surface based on the Yld2000-2d function with a yield exponent of 4 is in good agreement with the yield surface generated by the crystal plasticity simulations. However, in the case of the strain-rate potential shown in Figure 2 , the prediction based on the Yld2000-2d function with a yield exponent of 6 shows the most similar results to the case of the crystal plasticity simulations. These results imply that, not only it is not necessary but that it is also insufficient, to use the same function to represent the anisotropy of the plastic potential and the yield stress function. In the meantime, various attempts have been made to account for the anisotropic evolution of the yield surface. Hill and Hutchinson [22] proposed a theoretical framework, which is relevant to the differential hardening of a sheet material subjected to the arbitrary biaxial tensions. Abedrabbo et al. [23, 24] used polynomial functions to fit the anisotropic coefficients of Barlat Yld96 anisotropic yield function [2] for different temperatures and strain rates. Plunkett et al. [25] developed an elasticviscoplastic model to describe the anisotropic/asymmetric evolution of the yield surface as a function of the accumulated plastic strain based on CPB06 yield function [6] . Zamiri and Pourboghrat [26] developed an evolutionary yield function, which describes the evolution of the anisotropic coefficients of Hill's quadratic yield function [1] during the plastic deformation as a function of the plastic strain. Aretz [27] described the impact of distortional hardening on the prediction of forming limit curves. Stoughton and Yoon [16] also utilized Hill's model [1] to provide a framework for the non-associated flow rule accounting for the anisotropic hardening in proportional loading. Although the evolution of the yield stress function was defined using a less complicated model and independent of the plastic potential, improved accuracy in the prediction of the uniaxial tension stress-strain curves was observed compared with the associated flow rule models.
Further efforts were made to account for the Bauschinger effect in the non-monotonous loading conditions. Chung and Park [28] proposed a consistency condition for the combined type isotropickinematic hardening law, in which the combined type hardening law is expected to behave the same as the full isotropic hardening for monotonously proportional loading. By partially releasing the consistency condition with an introduction of a homogeneous function to control the anisotropic back stress evolution, anisotropic hardening behavior was accurately described preserving the proportionality between global stress and back stress. Yoshida et al. [29] also proposed a material model to consider the anisotropic and nonlinear kinematic hardening as well as the cyclic hardening phenomena with the non-associated flow rule.
In this work, a constitutive law to describe the evolution of anisotropy induced by the plastic deformation was developed based on the evolutionary yield function. For effective description, the yield stress function and the plastic potential as well as their evolutions were separately defined based on the non-associated flow rule. An asymptotic evolution equation was employed for the general description of the separate sets of the anisotropic coefficients for each of the plastic potential and yield stress function. As an alternative to using the accumulated equivalent plastic strain, the authors decided to employ a more general term such as the accumulated plastic work in order to impose the equivalency between various experimental data.
As will be discussed in this paper, the evolution of the yield function and the plastic potential can be explicitly characterized by using the accumulated plastic work. The reason for this is that the plastic work increment can be directly calculated from the plastic strain increment and stress components regardless of the definition of the yield function and the plastic potential. It is important In the meantime, various attempts have been made to account for the anisotropic evolution of the yield surface. Hill and Hutchinson [22] proposed a theoretical framework, which is relevant to the differential hardening of a sheet material subjected to the arbitrary biaxial tensions. Abedrabbo et al. [23, 24] used polynomial functions to fit the anisotropic coefficients of Barlat Yld96 anisotropic yield function [2] for different temperatures and strain rates. Plunkett et al. [25] developed an elastic-viscoplastic model to describe the anisotropic/asymmetric evolution of the yield surface as a function of the accumulated plastic strain based on CPB06 yield function [6] . Zamiri and Pourboghrat [26] developed an evolutionary yield function, which describes the evolution of the anisotropic coefficients of Hill's quadratic yield function [1] during the plastic deformation as a function of the plastic strain. Aretz [27] described the impact of distortional hardening on the prediction of forming limit curves. Stoughton and Yoon [16] also utilized Hill's model [1] to provide a framework for the non-associated flow rule accounting for the anisotropic hardening in proportional loading. Although the evolution of the yield stress function was defined using a less complicated model and independent of the plastic potential, improved accuracy in the prediction of the uniaxial tension stress-strain curves was observed compared with the associated flow rule models.
Further efforts were made to account for the Bauschinger effect in the non-monotonous loading conditions. Chung and Park [28] proposed a consistency condition for the combined type isotropic-kinematic hardening law, in which the combined type hardening law is expected to behave the same as the full isotropic hardening for monotonously proportional loading. By partially releasing the consistency condition with an introduction of a homogeneous function to control the anisotropic back stress evolution, anisotropic hardening behavior was accurately described preserving the proportionality between global stress and back stress. Yoshida et al. [29] also proposed a material model to consider the anisotropic and nonlinear kinematic hardening as well as the cyclic hardening phenomena with the non-associated flow rule.
As will be discussed in this paper, the evolution of the yield function and the plastic potential can be explicitly characterized by using the accumulated plastic work. The reason for this is that the plastic work increment can be directly calculated from the plastic strain increment and stress components regardless of the definition of the yield function and the plastic potential. It is important to note that unlike the plastic work increment, the equivalent plastic strain increments are dependent on the definition of the yield function and the plastic potential. This makes it difficult to impose the equivalency between various experimental data especially when the yield stress and plastic potential functions evolve during the plastic deformation.
As a demonstration of the developed evolutionary constitutive law, mechanical properties of BAO Q&P 980 multi-phase steel and niobium sheets at room temperature were characterized for the developed evolutionary model. The experimental data obtained from the uniaxial tension test is summarized in Section 2. The general framework for the development of the constitutive law is described in Section 3. Details of the material characterization methodology for the developed constitutive law are described in Section 4. A comparison of the evolutionary non-associated yield function with non-evolutionary yield function is discussed in Section 5 by performing simulations of uniaxial tension and biaxial cup drawing tests. Section 6 provides the concluding remarks.
Experiments
In this work, mechanical properties of BAO Q&P 980 steel and niobium sheets at room temperature were characterized for the developed evolutionary model. Further details on the heat treatment of the Q&P 980 (Fe-0.2C-1.8Mn-1.5Si) steel and the chemical composition of the high purity superconducting niobium sheet can be found in the former publications [26, 30, 31] . Overall, the Q&P 980 steel shows mild anisotropy, while the niobium sheet exhibits highly anisotropic behavior. These two extreme behaviors were chosen to showcase the importance of applying an evolutionary yield function compared with non-evolving yield functions.
For the Q&P 980 steel, the tensile tests were carried out based on ASTM E8M standard procedures using an Instron universal material testing machine. The tensile grip speed was maintained at 10 mm/min, which corresponds to approximately 0.0024/s in engineering strain rate. In order to measure the anisotropy, specimens were prepared along 0, 15, 30, 45, 60, 75 and 90 degrees off to the rolling direction. The strain histories were measured by an ARAMIS 5M digital image correlation (DIC) system manufactured by GOM GmbH, Braunschweig, Germany.
As for the niobium sheet, tensile tests were performed according to ASTM E517 [32] . The tensile grip speed was set to 0.25 mm/s, which is corresponding to 0.01/s in engineering strain rate considering the 25 mm gauge length. For the anisotropic evolution, the tensile tests were performed along 0, 22.5, 45, 67.5 and 90 degrees off the rolling direction.
For each direction, the tensile tests were repeated 3 and 5 times for the Q&P 980 steel and niobium sheet, respectively, and averaged mechanical properties were obtained. The averaged Young's moduli (E), 0.2% offset true yield strengths (YS), uniform elongations (UE), engineering ultimate tensile strength (UTS), and total elongations (TE) for the Q&P 980 steel and niobium sheets are summarized in Tables 1 and 2 , respectively. : width-to-thickness plastic strain increment ratio in the uniaxial tensile test) could be calculated by eliminating the elastic strain increments from the measured strain increments. The elastic strain increments were calculated from the stress increments assuming Hooke's law and the corresponding plastic work increment was calculated from the obtained plastic strain increments.
In this work, instead of the (accumulated) equivalent plastic strain, the accumulated plastic work was used for the description of the evolution of r-values and yield stresses. It is noteworthy that the accumulated plastic work is independent of the definition of the yield function and plastic potential function. If the yield and plastic potential functions are stationary during the plastic deformation, then the plastic strain increment can be directly converted into the accumulated equivalent plastic strain, ε y (≡ d ε y ), by using the following plastic work equivalence principle [18, 33] :
Here, the equivalent plastic strain increment, d ε y , is conjugated quantity to the effective yield stress, σ y , which is defined by the yield function.
However, direct conversion of the plastic strain increment into the equivalent quantity is no longer available when the plastic potential function or the yield function is evolving during the plastic deformation. For the non-reference state, the plastic potential function and yield function are needed to be defined prior to the conversion into the equivalent plastic strain, which leads to inaccuracy and complexity in the material characterization.
The evolutions of r-values for the Q&P 980 steel and niobium with respect to the plastic work are shown in Figures 3a and 4 : width-to-thickness plastic strain increment ratio in the uniaxial tensile test) could be calculated by eliminating the elastic strain increments from the measured strain increments. The elastic strain increments were calculated from the stress increments assuming Hooke's law and the corresponding plastic work increment was calculated from the obtained plastic strain increments. In this work, instead of the (accumulated) equivalent plastic strain, the accumulated plastic work was used for the description of the evolution of r-values and yield stresses. It is noteworthy that the accumulated plastic work is independent of the definition of the yield function and plastic potential function. If the yield and plastic potential functions are stationary during the plastic deformation, then the plastic strain increment can be directly converted into the accumulated equivalent plastic strain,
, by using the following plastic work equivalence principle [18, 33] :
Here, the equivalent plastic strain increment, dε y , is conjugated quantity to the effective yield stress, σ y , which is defined by the yield function.
The evolutions of r-values for the Q&P 980 steel and niobium with respect to the plastic work are shown in Figures 3a and 4 , respectively. As seen in Figure 3a , the measured r-values for the Q&P 980 steel stay almost constant for all directions as a function of the plastic work. The averaged r-values for the Q&P 980 steel are summarized in Table 1 and the directional distributions are shown in Figure 3b . Meanwhile, the measured r-values for the niobium sheet shows evidence of evolution during the plastic work as shown in Figure 4 .
The evolution of yield stress with respect to plastic work for each tensile direction was also characterized from the uniaxial tension test data as shown in Figures 5 and 6 , for the Q&P 980 steel and niobium sheet, respectively. In Figures 5b and 6b , the yield stress evolution for each direction was normalized by the yield stress along the rolling direction in order to clearly compare the directional difference. For the niobium sheet, the hydraulic bulge test was conducted at constant true thickness strain rate of 0.005/s. The true thickness strain was converted into the plastic thickness strain by eliminating the elastic thickness strain and the yield stress evolution was calibrated based on the plastic work shown in Figure 6 . As seen in Figure 3a , the measured r-values for the Q&P 980 steel stay almost constant for all directions as a function of the plastic work. The averaged r-values for the Q&P 980 steel are summarized in Table 1 and the directional distributions are shown in Figure 3b . Meanwhile, the measured r-values for the niobium sheet shows evidence of evolution during the plastic work as shown in Figure 4 .
The evolution of yield stress with respect to plastic work for each tensile direction was also characterized from the uniaxial tension test data as shown in Figures 5 and 6 , for the Q&P 980 steel and niobium sheet, respectively. In Figures 5b and 6b, the yield stress evolution for each direction was normalized by the yield stress along the rolling direction in order to clearly compare the directional difference. For the niobium sheet, the hydraulic bulge test was conducted at constant true thickness strain rate of 0.005/s. The true thickness strain was converted into the plastic thickness strain by eliminating the elastic thickness strain and the yield stress evolution was calibrated based on the plastic work shown in Figure 6 . 
Non-Associated Flow Rule Based on Plastic Work
Based on the normality rule, the plastic strain increment is obtained by:
where g(σ) is the n-th order homogeneous plastic potential function and dλ is the Lagrangian multiplier.
The yield criterion to define the anisotropic yield stress is:
where f is the m-th order homogeneous yield stress function and σ y is the effective yield stress to describe the hardening evolution. In this work, the hardening evolution of the effective yield stress is defined based on the plastic work, ( )
, instead of the accumulated equivalent plastic strain,
. The equivalent plastic strain increment, dε y , is conjugated quantity to the effective yield stress, σ y , and defined from the following plastic work equivalence principle [18, 33] :
Here, pot dε is the equivalent plastic strain increment conjugated to the effective stress, pot σ , which determines the normalized size of the n-th order homogeneous plastic potential function, g(σ); i.e.,
The following relationships between the effective quantities can be derived from Equation (4) 
where f is the m-th order homogeneous yield stress function and σ y is the effective yield stress to describe the hardening evolution. In this work, the hardening evolution of the effective yield stress is defined based on the plastic work, ω (≡ dω), instead of the accumulated equivalent plastic strain, ε y (≡ d ε y ). The equivalent plastic strain increment, d ε y , is conjugated quantity to the effective yield stress, σ y , and defined from the following plastic work equivalence principle [18, 33] :
Here, d ε pot is the equivalent plastic strain increment conjugated to the effective stress, σ pot , which determines the normalized size of the n-th order homogeneous plastic potential function, g(σ); i.e.,
The following relationships between the effective quantities can be derived from Equation (4):
and
Since g(σ) is the n-th order homogeneous function, Equation (4) becomes by substituting Equation (2):
The co-rotational objective stress rate of the Cauchy stress from the linear elastic constitutive law is:
where C e is the fourth order elastic stiffness tensor, dε is the total strain increment, dε e is the elastic strain increment, and dε p is the plastic strain increment. From Equations (2) and (9), the stress increment becomes,
From Equation (3), the following relationship is obtained:
By substituting Equation (11) into Equation (12), 
The elasto-plastic tangent modulus is obtained by substituting Equation (14) or (15) into Equation (11): (16) Note that the elasto-plastic tangent modulus in Equation (16) is asymmetric when the plastic potential function is different from the yield function. In order to make symmetric tangent modulus, the equivalent plastic strain increments dε pot and dε y need to be obtained, similar to the derivations in Equations (12) and (13), by manipulating the relationship in Equation (5) 
Then, the following symmetric elasto-plastic stiffness modulus [18] can be obtained by substituting Equation (17) or (18) into Equation (11): 
∂σ
:
The numerical implementation of the plastic work based developed evolutionary yield function is described in Appendix A.
Assumed Anisotropic Yield and Potential Functions and Hardening Evolution Model

Evolutionary Yld2000-2d Function
In this work, the plane stress yield stress function Yld2000-2d proposed by Barlat et al. [3] was utilized for the description of the plastic potential function and the yield function. In the Yld2000-2d function, the yield function is defined as:
where
Here, S k and S k (k = I, II) are the principal values of the deviatoric stress tensor s ( s or s ), which is obtained by the linear transformation of the Cauchy stress tensor, σ:
Here, the eight independent anisotropic coefficients of L and L" are expressed as:
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Calibration of the Evolutionary Yld2000-2d Functions
In the non-associated flow rule, the plastic potential and yield stress functions can either be selectively evolved or left as constants, depending upon the experimental data and the desired accuracy. For example, as shown in Figure 3a , the measured r-values for the Q&P 980 steel remain almost constant for all directions as a function of plastic work. Therefore, the measured r-value for each direction was assumed to be constant (e.g., non-evolving) for the Q&P 980 steel; i.e., we only considered the stationary plastic potential. Specifically, the averaged r-value for each tensile direction was utilized for the characterization of the plastic potential function, σ pot . In addition to the seven averaged r-values obtained from the uniaxial tension test data, the uniaxial tensile yield stress (YS in Table 1 ) along the rolling direction was used for the characterization of the eight coefficients of the plastic potential function. The calibrated parameters for the plastic potential are summarized in Table 3 . Based on the calibrated plastic potential function, r-value distributions were calculated and compared with the measured r-values in Figure 7 . 
In the non-associated flow rule, the plastic potential and yield stress functions can either be selectively evolved or left as constants, depending upon the experimental data and the desired accuracy. For example, as shown in Figure 3a , the measured r-values for the Q&P 980 steel remain almost constant for all directions as a function of plastic work. Therefore, the measured r-value for each direction was assumed to be constant (e.g., non-evolving) for the Q&P 980 steel; i.e., we only considered the stationary plastic potential. Specifically, the averaged r-value for each tensile direction was utilized for the characterization of the plastic potential function, pot σ . In addition to the seven averaged r-values obtained from the uniaxial tension test data, the uniaxial tensile yield stress (YS in Table 1 ) along the rolling direction was used for the characterization of the eight coefficients of the plastic potential function. The calibrated parameters for the plastic potential are summarized in Table  3 . Based on the calibrated plastic potential function, r-value distributions were calculated and compared with the measured r-values in Figure 7 . As seen in Figure 5b , the flow stress for the Q&P 980 steel varies as a function of plastic work. Therefore, to capture the evolution of the anisotropy, the parameters of the yield function were calibrated for every 5 MPa increment of the plastic work. Specifically, for the calibration of the eight coefficients of the Yld2000-2d function, we used seven yield stresses from the uniaxial tension data and the yield stress for the balanced biaxial tension, which was assumed to have the same value as the uniaxial tensile yield stress along the rolling direction. The calibrated parameters are summarized in Table 4 . The following asymptotic equation was used to evolve the yield function parameters, α j (j = 1~8), as a function of plastic work:
Here, ω is the plastic work, α 0 j and α ∆ j are the initial values and changes of the yield function parameters, respectively, while c ω j and n j are the parameters to control the evolution speed. In order to avoid divergence of the yield function parameters beyond the characterization region, the evolution equation was designed to have an asymptotic evolution. The evolution coefficient n j was set to 1.0 for the simplicity of calibration for the Q&P 980 steel in this work. For general application, the evolution equation can be further generalized by adding exponential terms:
The calibrated evolution coefficients for each yield function parameter are summarized in Table 5 for the Q&P 980 steel. As seen in Figure 8 , Equation (27) accurately captures the evolution of the yield function parameters as a function of plastic work. As seen in Figures 4 and 6 , unlike the Q&P 980 steel, the niobium sheet showed evolving anisotropy of r-values and flow stresses as a function of plastic work. Therefore, the parameters of the plastic potential function and yield function for the niobium sheet were calibrated for every 10 MPa increment of the plastic work. Specifically, five r-values and the uniaxial tension yield stress in the rolling direction were used to calibrate the potential function for niobium. As for the yield function, the five uniaxial tension yield stresses, and the balanced biaxial yield stress obtained from the hydraulic bulge test were used for calibration. For the niobium sheet, to utilize the six available experimental data for the calibration of the plastic potential function and yield function, the independent parameters of the Yld2000-2d function were reduced from eight to six by assuming α3 = α5 and α4 = α6. This simplified the linear transformation ( ′′ ′′ = ⋅σ  s L ) of the deviatoric stress in Equation (26) as following: 
Tables 6 and 7 summarize the calibrated parameters for the yield function and plastic potential function, respectively. 1.8 Figure 8 . Evolutions of the parameters of the yield function (Yld2000-2d function) for the Q&P 980 steel with respect to the plastic work.
As seen in Figures 4 and 6 , unlike the Q&P 980 steel, the niobium sheet showed evolving anisotropy of r-values and flow stresses as a function of plastic work. Therefore, the parameters of the plastic potential function and yield function for the niobium sheet were calibrated for every 10 MPa increment of the plastic work. Specifically, five r-values and the uniaxial tension yield stress in the rolling direction were used to calibrate the potential function for niobium. As for the yield function, the five uniaxial tension yield stresses, and the balanced biaxial yield stress obtained from the hydraulic bulge test were used for calibration. For the niobium sheet, to utilize the six available experimental data for the calibration of the plastic potential function and yield function, the independent parameters of the Yld2000-2d function were reduced from eight to six by assuming α 3 = α 5 and α 4 = α 6 . This simplified the linear transformation ( s = L ·σ) of the deviatoric stress in Equation (26) as following:
Tables 6 and 7 summarize the calibrated parameters for the yield function and plastic potential function, respectively. Table 6 . Calibrated parameters for the plastic potential function of the niobium sheet for every 10 MPa increments of the plastic work (m = 6). The evolution of the parameters as a function of plastic work was captured using Equation (27) for the niobium sheet. The evolution coefficients for the plastic potential and yield function are summarized in Tables 8 and 9 , respectively. Figures 9 and 10 show how Equation (27) accurately captures the evolution of the plastic potential function and the yield function parameters as a function of plastic work. The evolution of the parameters as a function of plastic work was captured using Equation (27) for the niobium sheet. The evolution coefficients for the plastic potential and yield function are summarized in Tables 8 and 9 , respectively. Figures 9 and 10 show how Equation (27) accurately captures the evolution of the plastic potential function and the yield function parameters as a function of plastic work. 
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Isotropic Hardening Evolution
Full isotropic hardening (expansion of the yield surface without translation) of the Q&P 980 steel and niobium sheet was characterized based on the uniaxial tension test data. Since the evolution of the yield function was characterized and described by the plastic work, the hardening behavior was also described by the plastic work using the following combined Swift-Voce type hardening rule by selecting the uniaxial tension data along the rolling direction as a reference state:
where ω K , ω0, nω, ω A , and cω are hardening coefficients, ω is the accumulated plastic work ( ω dω =  ), and ω 1 / MPa k = is the normalization coefficient that makes the quantity in the bracket unit less.
The calibrated hardening coefficients for the combined Swift-Voce type hardening rule are summarized in Table 10 . The hardening evolution of the Q&P 980 steel and niobium sheet with respect to the plastic work was calculated based on the calibrated hardening coefficients and compared with the measured hardening curve in Figure 11 . 
where K ω , ω 0 , n ω , A ω , and c ω are hardening coefficients, ω is the accumulated plastic work (ω = dω), and k ω = 1/MPa is the normalization coefficient that makes the quantity in the bracket unit less. The calibrated hardening coefficients for the combined Swift-Voce type hardening rule are summarized in Table 10 . The hardening evolution of the Q&P 980 steel and niobium sheet with respect to the plastic work was calculated based on the calibrated hardening coefficients and compared with the measured hardening curve in Figure 11 . Figure 11 . Comparison of the measured and calculated hardening behavior of (a) the QP980 steel and (b) niobium sheet with respect to the plastic work.
Predicted Evolution of Yield and Plastic Potential Functions as a Function of Plastic Work
Based on the calibrated evolution coefficients of the yield function for the Q&P 980 steel, the initial yield surface at 0 MPa plastic work and the final yield surface (at 80 MPa plastic work) normalized by the yield stress along the rolling direction are compared with the contour of the plastic potential in Figure 12 . It should be noted that the potential function was assumed to not evolve since the r-values were assumed to remain constant as a function of plastic work. The expansion of the yield surfaces at every 10 MPa increment of the plastic work was calculated for the niobium sheet. For comparison, the contours of the normalized yield surfaces and plastic potential surfaces at every 10 MPa increment of the plastic work were calculated. Comparison of Figure 13 clearly shows that the yield and plastic potential functions evolve differently as a function of plastic work. 
Based on the calibrated evolution coefficients of the yield function for the Q&P 980 steel, the initial yield surface at 0 MPa plastic work and the final yield surface (at 80 MPa plastic work) normalized by the yield stress along the rolling direction are compared with the contour of the plastic potential in Figure 12 . It should be noted that the potential function was assumed to not evolve since the r-values were assumed to remain constant as a function of plastic work. 
Based on the calibrated evolution coefficients of the yield function for the Q&P 980 steel, the initial yield surface at 0 MPa plastic work and the final yield surface (at 80 MPa plastic work) normalized by the yield stress along the rolling direction are compared with the contour of the plastic potential in Figure 12 . It should be noted that the potential function was assumed to not evolve since the r-values were assumed to remain constant as a function of plastic work. The expansion of the yield surfaces at every 10 MPa increment of the plastic work was calculated for the niobium sheet. For comparison, the contours of the normalized yield surfaces and plastic potential surfaces at every 10 MPa increment of the plastic work were calculated. Comparison of Figure 13 clearly shows that the yield and plastic potential functions evolve differently as a function of plastic work. The expansion of the yield surfaces at every 10 MPa increment of the plastic work was calculated for the niobium sheet. For comparison, the contours of the normalized yield surfaces and plastic potential surfaces at every 10 MPa increment of the plastic work were calculated. Comparison of Figure 13 clearly shows that the yield and plastic potential functions evolve differently as a function of plastic work. To guarantee the uniqueness of the solution, the denominators in Equations (14) and (15) must be positive. This satisfies the stability constraint suggested by Stoughton and Yoon [13, 15] . Since the hardening evolution term, To guarantee the uniqueness of the solution, the denominators in Equations (14) and (15) must be positive. This satisfies the stability constraint suggested by Stoughton and Yoon [13, 15] . Since the hardening evolution term, ∂σ y ∂ω , and the effective stresses, σ pot and σ y , are always non-negative, the stability constraint is satisfied when 
Comparison of Evolutionary and Non-Evolutionary Yield Function Models
Uniaxial Tension Test
For the verification of the effect of the evolution of yield and plastic potential functions, uniaxial tension simulations were performed for the Q&P 980 steel and niobium sheet using the developed evolutionary yield function model. Tensile directions considered for the simulations were 0, 45, and 90 degrees off the rolling direction. The characterized evolutionary yield functions and plastic potentials (summarized in Tables 5, 8 , and 9), as well as the isotropic hardening rule based on the plastic work (summarized in Table 10 ) were employed for the tensile simulations. For comparison, an isotropic hardening model without the evolution of the yield function and the plastic potential (labeled as non-evolutionary yield function) was also considered for simulations. The initial yield surface and plastic potential at 0 MPa plastic work were considered for the non-evolving yield surface and plastic potential, respectively. The simulated true stress-strain curves for the Q&P 980 steel and niobium sheet are compared with experiments in Figures 15 and 16 , respectively. Both the evolutionary yield function and non-evolutionary yield function models accurately predicted the 
Comparison of Evolutionary and Non-Evolutionary Yield Function Models
Uniaxial Tension Test
For the verification of the effect of the evolution of yield and plastic potential functions, uniaxial tension simulations were performed for the Q&P 980 steel and niobium sheet using the developed evolutionary yield function model. Tensile directions considered for the simulations were 0, 45, and 90 degrees off the rolling direction. The characterized evolutionary yield functions and plastic potentials (summarized in Table 5, Table 8, and Table 9 ), as well as the isotropic hardening rule based on the plastic work (summarized in Table 10 ) were employed for the tensile simulations. For comparison, an isotropic hardening model without the evolution of the yield function and the plastic potential (labeled as non-evolutionary yield function) was also considered for simulations. The initial yield surface and plastic potential at 0 MPa plastic work were considered for the non-evolving yield surface and plastic potential, respectively. The simulated true stress-strain curves for the Q&P 980 steel and niobium sheet are compared with experiments in Figures 15 and 16 , respectively. Both the evolutionary yield function and non-evolutionary yield function models accurately predicted the stress-strain curves in the rolling direction as shown in Figures 15a and 16a . However, in the simulations for the directions in 45 and 90 degrees off the rolling direction, only the evolutionary yield function model accurately predicted stress-strain curves. Compared with the experiments, the non-evolutionary yield function model accurately predicted the initial yield stresses but showed gradual deviations in the prediction of the subsequent stress-strain curves.
Besides the true stress-strain curves, the simulated ultimate tensile strengths (UTS) along different tensile directions (off the rolling direction) were compared with experiments. As shown in the comparison of the measured and calculated ultimate tensile strengths in Figure 17a ,b for the Q&P 980 steel and niobium sheet, respectively, the simulation results considering the evolution of the yield function show much better agreement with experiments compared with those without evolving the yield function and plastic potential. stress-strain curves in the rolling direction as shown in Figures 15a and 16a . However, in the simulations for the directions in 45 and 90 degrees off the rolling direction, only the evolutionary yield function model accurately predicted stress-strain curves. Compared with the experiments, the non-evolutionary yield function model accurately predicted the initial yield stresses but showed gradual deviations in the prediction of the subsequent stress-strain curves.
Besides the true stress-strain curves, the simulated ultimate tensile strengths (UTS) along different tensile directions (off the rolling direction) were compared with experiments. As shown in the comparison of the measured and calculated ultimate tensile strengths in Figure 17a ,b for the Q&P 980 steel and niobium sheet, respectively, the simulation results considering the evolution of the yield function show much better agreement with experiments compared with those without evolving the yield function and plastic potential. 
Prediction of Earing Profiles in Cup Drawing
In order to evaluate the effect of the initial anisotropy and its evolution in sheet forming simulations, the cylindrical cup drawing test was considered. Since experimental results were not available for the cup drawing test, the earing profiles were instead predicted using an analytical model [34] . To evaluate the capability of the non-associated flow rule to describe anisotropy, anisotropic yield functions under the associated flow rule were additionally considered for the description of the initial anisotropy and the anisotropy after evolution.
The analytical model [34] to predict the earing profile assumes that the blank in the flange area undergoes near plane strain deformation. For simplicity, simple compression mode in the circumferential direction is assumed in the flange area. From the force equilibrium condition along the circumferential direction, the vertical wall height, h| θ , is derived:
Here, ε r | θ is the total radial true strain, r π/2−θ and σ π/2−θ are the r-value and yield stress along the π/2 − θ direction, respectively, while σ θ(avg) is the average compressive yield stress. As schematically shown in Figure 18 , R 0 , R b , and R c are the radial distance from the center of the initial blank, initial radius of the blank, and the radius of the cup, respectively. Detailed derivations are described in [34] .
The radius to create the cup bottom and corner from the initial blank, R c * , is obtained by applying the incompressibility condition for the volume of the cup corner:
where, R p is the punch bottom radius, r p is the punch corner radius, and t 0 is the initial thickness of the blank. Then, the total cup height is obtained by:
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Here, k (p) is the asymmetry coefficient, while
, and
are the principal values of the transformed stress, Σ (p) . The linear transformation is defined as:
where C (p) and L (p) are the fourth-order orthotropic linear transformation tensor.
From the CPB06ex3 function [35] , which has three linear stress transformations, 21 independent coefficients for the plane stress condition were reduced to 12 independent coefficients by introducing the following constraints to guarantee the deviatoric stress components in the linear transformation:
Here, a (p) , b (p) , c (p) , and d (p) are the anisotropy coefficients for (p)-th linear transformation. Since three linear stress transformations were considered and each transformation requires four independent coefficients, a total of twelve anisotropy coefficients exist for the description of the anisotropy. The anisotropic/asymmetric yield function reduces to isotropic function, when the anisotropy coefficients are equal to one and the asymmetry coefficients are zero.
As for the calibration of the anisotropy coefficients for the Yld2000-2D function and the modified CPB06ex3 function under the associated flow rule, the niobium sheet, which shows severe anisotropy, was considered. To evaluate the impact of anisotropic evolution, the initial anisotropy (at 0 MPa of the accumulated plastic work) and the anisotropy after evolution (at 40 MPa of the accumulated plastic work) were considered. Similar to the calibration of yield functions and plastic potentials for the non-associated flow rule, the yield stresses and r-values in the uniaxial tension tests as well as the balanced biaxial tension test were utilized to calibrate the Yld2000-2D and the CPB06ex3 functions under the associated flow rule. To determine the eight and twelve anisotropy coefficients, three r-values (in 45 degree increments) and five tensile stresses (in 22.5 degree increments) were considered for the Yld2000-2D and the CPB06ex3 functions, respectively. Asymmetry was ignored for simplicity in the CPB06ex3 function, and isotropy was assumed for the r-values in the balanced biaxial tension; i.e., k (1) = k (2) = k (3) = 0.0 and r b = 1.0. The calibrated anisotropy coefficients for the Yld2000-2D and the CPB06ex3 functions are summarized in Tables 11 and 12 , respectively. The calculated r-values and yield stresses from the calibrated associated flow rule (Yld2000-2D function and CPB06ex3 function as shown in Figure 19 ) were also used for the prediction of the cup height profiles. As separately compared in Figure 20b ,c, the predicted height profiles based on the CPB06ex3 function under the associated flow rule show overall good agreement with the prediction based on the experimental data. Note that twelve independent coefficients were employed to account for the anisotropy both for the CPB06ex3 function under the associated flow rule and the Yld2000-2D function under the non-associated flow rule (6 coefficients for each yield function and plastic potential). The predicted profiles based on the Yld2000-2D function under the associated flow rule show some differences from the prediction based on experimental data, since insufficient number of anisotropy coefficients were employed to account for the severe anisotropy of the niobium sheet. As more anisotropy coefficients were employed for the description of the anisotropy, the predicted profiles showed better agreements with the predicted profiles directly obtained from the experimental r-values and yield stresses. 
Conclusions
A constitutive law was developed based on the evolutionary yield function to account for the evolution of anisotropy induced by the plastic deformation. Based on the non-associated flow rule, the yield stress function and the plastic potential were separately defined for the effective description of anisotropy. The anisotropic evolution of the yield stress function and the plastic potential were described by a general asymptotic evolution equation. As for the equivalent plastic status to define the plastic potential and yield stress function, as well as the hardening rule, the accumulated plastic work was employed as an alternative to the accumulated plastic strain. Inaccuracy and complexity in the material characterization can be avoided by the introduction of the plastic work, since the measured data must be converted into the equivalent quantities prior to the characterization of the plastic potential and yield function. Numerical formulations based on the plastic work were also derived in case the hardening rule as well as the evolution of the plastic potential and the yield stress function are defined in terms of the accumulated plastic work.
For the validation of the developed constitutive law, mechanical properties of the BAO Q&P 980 steel and niobium sheets at room temperature were characterized from uniaxial tensile tests as well as the balanced biaxial tension test. From the experimental data, separate sets of the anisotropic coefficients for each of the plastic potential and yield stress function were obtained as a function of the plastic work. For a general description of the evolutions of the yield function and plastic potential 
For the validation of the developed constitutive law, mechanical properties of the BAO Q&P 980 steel and niobium sheets at room temperature were characterized from uniaxial tensile tests as well as the balanced biaxial tension test. From the experimental data, separate sets of the anisotropic coefficients for each of the plastic potential and yield stress function were obtained as a function of the plastic work. For a general description of the evolutions of the yield function and plastic potential as well as to reduce the number of coefficients, the measured sets of the anisotropic coefficients were fit to a general asymptotic evolution equation. Through comparison with non-evolutionary yield functions in the prediction of the ultimate tensile strength in different tensile directions and the earing profiles in the cup drawing test, the importance of the developed constitutive law to properly describe the evolution of the plastic potential and yield function was proven, particularly for the niobium sheet, which exhibits highly anisotropic behavior.
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Appendix A
In this work, the predictor-corrector scheme [36, 37] was employed for the numerical implementation of the developed evolutionary yield function model based on the plastic work.
From a given discrete strain increment, ∆ε n (≡ ε n+1 − ε n ), the trial Cauchy stress is initially updated by assuming purely elastic step and preserving the state variables from the previous n-th discretized time step (∆ε n = ∆ε e n and ω k=0 n+1 = ω n ):
Here, the superscript, k, denotes the iteration number (k = 0: trial step), while the subscripts, n and n + 1, denote the discrete time step number.
The next (n + 1)-th step is purely elastic if the following yield condition is satisfied:
Otherwise, the (n + 1)-th step is elasto-plastic. Then, the plastic work, ω n+1 , and the Cauchy stress, σ n+1 , should be iteratively updated until the following consistency condition is satisfied:
Here, Tol is the tolerance, which is numerically infinitesimal value to guarantee the solution accuracy.
The equivalent plastic strain increments, plastic work, and Cauchy stress are iteratively updated until the consistency condition in Equation (A3) is satisfied.
The increment of the equivalent plastic strain is calculated by:
The denominator, 
